Various other attempts to provide a definition of Feynman integral have been made by Daletzski [6] , who uses the Trotter formula, and Cameron [4] and Ito [14] , who both apply integral transforms. Feldman [9] and Babbit [1] study the Schrodinger equation by analytic continuation in the time parameter from a Wiener integral solution of a parabolic equation, and Nelson [24] uses analytic continuation in the mass parameter. Expository treatments of the Feynman integral may also be found in Kac [15] , Gelfand and Yaglom [12] , and McShane [22] .
Here we prove a version of the Trotter formula for semigroups, by Hubert space methods, avoiding the use of Wiener integrals. We consider a certain class of perturbations B of A so singular that the sum A + B need not be densely defined when A and B are regarded as (partially defined) operators acting in the original Hubert space. However, the quadratic form of the perturbing operator B is assumed smaller than the quadratic form of A, so that the sum may be defined using the method of the Friedrichs extension. (See Lions [19] and Nelson [25] .) The Trotter formula is proved for parabolic equations and continuity in the mass parameter gives a definition of Feynman integral for the Schrodinger equation. Thus we get an explicit perturbation formula under conditions much less restrictive than are needed for the usual series formulas.
Definition by continuation in a parameter is at least in keeping with tradition, having been frequently used since Cameron adopted it in the first mathematical paper on Feynman integrals. The analytic continuation technique used by Nelson [24] allows the perturbing term V to be more singular than considered here. However, in the present context there is no possibility of a set of exceptional masses for which the solution may fail.
The range of applicability of the abstract theorems is illustrated by the Schrodinger equation in n dimensions. 1* The Friedrichs extension method* In studying differential equations, Lions [19] and Nelson [25] have exploited the special properties of semi-bounded operators on Hubert space first noticed by Friedrichs. Some of these constructions are sketched in the following. The idea is to use the operators to construct abstract analogs of Sobolev spaces, and to consider continuous operators from these spaces to their duals. The use of operators from a space to its dual instead of the quadratic forms on the space that Friedrichs used gives a mild formal simplification.
Notation. If X and Y are Banach spaces, L(X, Y) is the space of all continuous linear transformations from X to Y. L(X) = L(X, X).
In general, an operator A from Ito 7 will be a linear transformation from some vector subspace
Y) if and only if D(A)
= X and A is continuous. We refer to an operator A from X to X as an operator in X.
If K is a Hubert space, by the conjugate dual space iΓ* we will mean the Hubert space of continuous anti-linear functionals on K. We write (v, u) for the value of v in if* on u in K. DEFINITION. A sector S of the complex plane is a closed convex subset bounded by two rays meeting at 0. Let A be an operator from K to K*. A is said to be of type S if (Au, u)eS for all u in D{A). A is dissipative if it is of type left half-plane.
Let H be a Hubert space with a given inner product. Use it to identify H* with H. Let A be an operator in H. The Hille-Yosida theorem implies that A is the infinitesimal generator of a (strongly continuous) contraction semigroup if and only if
This semi-group will be written exp(tA), t ^ 0. (Basic references for semigroup theory are Dunford and Schwartz [8] , Nelson [25] , and Yosida [29] . For this version of the Hille-Yosida theorem see Nelson [24] 
Then A o is the infinitesimal generator of a contraction semigroup.
Proof.
H~ι. This says that JD(A 0 ) is dense in iϊ 1 and hence in H. It also follows that -A Q + λ is onto if. The Hille-Yosida theorem implies the conclusion. 2* The product formula for abstract parabolic equations* In general the semigroup exp tA generated by an operator A gives a solution to the initial value problem for the differential equation
(du(t)/dt) -Au(t).
A typical case is when A is the Laplacian or a similar elliptic differential operator. Then the differential equation is parabolic and the solution u(t) = exp (tA)u tends to be smooth for t > 0. Such characteristic properties of parabolic equations are due to the fact that spectrum of A is in a sector bounded by rays in the open left half-plane and are found in the abstract case when this type of condition on the operator is satisfied. Here the product formula is proved for perturbations of such abstract parabolic equations where the perturbed sum is defined by the Friedrichs extension method.
Recall that B is a densely defined maximal dissipative operator in H if and only if B is the infinitesimal generator of a contraction semigroup. If B is such an operator, then -B has a square root (Kato [16] , Balakrishnan [3] ). However, note that (-B) 1 ' 2 and ( -B*) 11 ' 2 = (-B) 112 * need not have the same domain of definition (Lions [20] 
Proof. (1) By the spectral theorem, for u in D(B) = D(\B\), we have I (Bu, u) \ ^ (| B \u, u).
Since the quadratic form of | B \ is bounded on iϊ 1 , then so is the one for B.
Proof of Theorem 1. Consider C = A + B e L(H\ H-1 ). Since A is of type S and B is dissipative, C is dissipative. In addition we have
Thus C has a restriction to an operator C which is the infinitesimal generator of a contraction semigroup exp tC in H. Note for futureuse that it follows from the above inequality that Re(( -C + λ)w, u) defines an equivalent norm on We want to estimate these terms. Let θ be the maximum argument of these numbers.
Let S be a sector in the open left half-plane together with the origin which is bounded by rays making angles less than θ with the imaginary axis and such that A is of type S.
Let II Hi also denote the norm in LiH 1 ). Consider the set J of all a such that A a has a restriction to an operator A' a in H 1 such that for all λίS,(λ-A;)-1 e LiH 1 ) and satisfies The maximal restriction of C to an operator C in H 1 is clearly symmetric with the inner product -(Cu,v). Since C e L(H λ , H~ι) is easily seen to be onto H~τ, the maximal restriction C is onto H 1 . This proves self-adjointness. Since (Cu, u) x = -(Cu, Cu), C is clearly negative. Thus 0 e J.
We now show that (λ -AJ-1 e L(H~\ H 1 ) for λ 6 S. Choose s in iV such that Re λ^ ^ 0. Then
.ίtUαlmzίkiί)
The first term above is majorized by ||(λ -Ά^UW^WUWL This shows that λ -A a is one-to-one and bicontinuous from H 1 to Jϊ" 1 . To show that it is onto H* 1 , suppose otherwise. Then the range isn't even dense, so there is a v in H 1 with A a ) zv, v) = 0, so by the above || v || 2 = 0 .
But then in particular ((λ -
Thus || (λ -X)-1 1| e L(H~\ H 1 ) with norm ^ 4. Now assume aeJ.
Choose ε with ε||i5|| < 1/8. Then
Thus α: + ε is in J. This is sufficient to show 1 e J. It follows from these remarks that This is a bounded operator on L 2 only when V is bounded below. Even when this condition doesn't hold, the sum( -l/2m)J + V may be bounded below, so that a solution (perhaps defined using a Friedrichs extension) should exist. However, the preceding L 2 approach to a product representation of the solution seems difficult to apply. Babbit [2] evades this obstacle in his representation of the solution of the diffusion equation as a Wiener integral of an unbounded function.
The advantage of continuation in the parameter m is that replacing m by im', m r > 0, we get ((lβm')A -iV)t and each term always has negative real part, no matter how singular V is. The disadvantage, of course, is that the parameter m is buried more deeply in the equation.
The following result on continuity in a parameter will be needed later for this application to the Schrδdinger equation. Proof. For λ > 0, 
Therefore (λ -CJ-1 is continuous in the norm topology of L(H). Therefore it is continuous in the strong topology of L{H). 
